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The Integration of Exponential Function 5% & #RH

fexdx=ex+C fe”du=e”+C

Example Integrating Exponential Functions
(1)fe3x+1dx
u=3x+1du = 3dx

1 1 1 1
fe3x+1dx = §f e3**1(3)dx = §f eldu = §e” +C = §e3x+1 +C

(Z)ISxe_xzdx
u=—x2%du=—-2xdx

-5 -5
foe‘xzdx = 7[ e_xz(—Zxdx) = 7] e“du

—_—Se”+C—_—56_x2+C
2 )
1
ex
(3)fﬁdx

u=1/x,du= x—zdx

1

ex 1
fx—zdx=—feudu=—e“+6=—ex+C
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The Integration of logarithmic Function ¥+#{&#F 5

1 1
f—dx=ln|x|+C f—du=ln|u|+C
x u
Because du = u'dx, the second formula can also be written as

ul
f—dx =Inju|+C
u

Example Integrating the Quotient Functions

3x2+1
(1)J- dx =In|x3+x|+C

sec? x
(Z)J- dx = In|tanx| + C
tan x

(3)[ x+1 1f2x+2d
2§ 2x 2) 2+ 22

= Elnlx2 +2x|+C

(4)f 1 d_1j 3,
3x+273) 212

1
=zli3x +2[+C

(5)f( sdx letu=x+1l,du=dxandx =u—1

fmd“fud

(u—1) 1 1 u?!
=2f > du=2f—du—2f—2du=21n|u|—2— +C
u u u -1

2 2
=2Injlul+—-+C=2Inlx+1|+——+C
u x+1

Example Finding Area Bounded by Exponential Functions

1 ex ¥y
1 d
()fo1+ex *

u=1+e*u =e*

1 x
-fo 1+exdx=ln(1+e’c)

0 /
=In(l1+e)—1In2

1
(Z)J [e* cos(e™)]dx
0
u=e* du=e*dx
-1

=sine*| =sinl—sin(e™})

0 0 - ;
-f [e* COS(ex)]dx=f cos(e*) de* y=e"cos(e’)

0 - /

A
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Integrals of Trigonometric Functions = f & #fR
Example

sinx —sinx ,
tanx dx = dx = — dx uU=-cosx u
CcoS X CcoS X

= —sinx

1
= —f d(cosx) = —In|cosx| + C
CoS X
Example

secx + tanx sec® x + secxtanx
secxdx = | secx——dx =
secx + tanx secx + tanx

Let u =secx +tanx = u’ = secxtanx + sec® x
sec® x + secxtanx u' 1
dx = | —dx= | —du
secx + tanx u u

= In|u| + C = In|secx + tanx| + C

Integrals of the Six Basic Trigonometric Functions & A& = f§ & iR 5

fsinxdxz—cosx+c jcosxdxzsinx+c

ftanxdx = —In|cosx| + ¢ fcotx dx = In|sinx| + ¢

fsecxdx = In|secx + tanx| + ¢ Jcscxdx = —In|cscx + cotx| + ¢
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Exercise 1 (P360-99), find the indefinite integral. eVx eVx
f—dx=2f—dx=2fdu=2u+c=26\/§+c
99, f e5%(5)dx Vx 2vx
el/x
106. f - dx
= | e*d5x =e>* + ¢
f u = el du = el/** (=2)(x)dx
1/x2 _ 1/x? _ _ —
et a3 e 1(e 1 1 1 .,
100. fe (—4x°)dx f poe dx:?f poe (—Z)dx=7fdu=7u+c=7e1/x +c
u=—x*du=—4x3dx e
107. f —dx
1+e™

fe"‘4(—4x3)dx = f eldu=et+c=e* +c

101. fezx‘ldx
u=2x—1du = 2dx

1 1 1 1
fez"‘ldx = Ef e?*1(2dx) = Ef etdu = Ee“ +c= Eez"‘l +c

102. fe1‘3xdx
u=1-3x,du=-3dx

-1 -1 -1 -1
1-3x — 1-3x/_ — u — u — 1-3x
fe dx 3fe (—3dx) 3fealu geite=—7e +c

103. fxzex3dx
u=x3du=3x%dx
fxzexsdx = lf e*’ (3x%dx) = lf etdu = le” +c= lex3 +c
K K "~ 3 K
104. fex(ex + 1)%dx
u=e*+1,du=e*dx

X(pX 27, — 2 _u_3 _1 . 3
e*(e* + 1)dx = | (wdu = 3+C—3(e +1)°+c

ex/?
105. f—d
N

1 1
u= e‘/;, du = eV* (Ex_f) dx = dx

u=1+e7* du=e*(—dx)

e ® -x 1
J-1"'9_de=_fl+e"‘dx=_fﬂduz_1n|u|‘*‘C=—ln|1+e"‘|+c

e2x
108. fl_l_erdx

u=1+e*, du=e**(2dx)

e?x 1 e?x 111 1 1 -
f1+e2xdx=§f1+e2x(2dx)=§fﬂdu=§ln|u|+czflnll+e I +e

109. fe’ﬁ/l —eXdx

u=1-e*du=—e*dx
3 P!
uz2 —2(1—e*)2
fex\/I—exdx=—f\/ﬂdu=—V+C=%
2

eX — g%

u=e*+e*,du=(e*—eMdx

fex_e_xd —fld = Inful + C = In(e* + ™) +C
prap— x = ” u = Inlu = In(e e ™)

e*+e7*
u=e*—e*,du=(e*+edx

e*+e™* 1 _
f—_dx=f—du=ln|u|+C=ln|ex—e I+ C
eX —e™* u
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112 f 2e* —2e7% p
") (e* + eX)2 X

u=e*+e*,du=(*—-e*)dx
2e* —2e™*
—aXx =
(e* + eX)2

5—e*
5—e* 5 1 Cax x
ferx=feTxdx—fe—xdx=f5e dx—fe dx
-5 -5
= 7[ e 2*d(—2x) + j e *d(—x) = Te_zx +e™*+C

e** £ 2e* +1
114. f—dx

fzd —u_1+C—_1+C— 1 i
u? u_—l T u CeX 4 e X

ex
fe2x+2ex+ 1

o dxzjexdx+2fdx+je‘xdxzex+2x—e_x+C

115. fe‘xtan(e‘x) dx
u=e*du=—e*dx

fe‘xtan(e‘x) dx = —ftanu du = In|cosu| + C = In|cose ™|+ C
116. fln(ezx‘l)dx

f In(e?* Y dx = f(Zx —Ddx=x>—x+C

Exercise 2 (P360-129), find the particular solution that satisfies the initial
conditions.

1
129. f"(x) =5 (e* +e™) f(0)=1,f'(0)=0
f'x) = J.l(ex +e ¥)dx = l(ex —e )+ C
2 2

1
f’(0)=§(e°—e°)+c=o =C=0

1
f100) =5 (" —e™)
fx) = fl(ex —e Mdx = l(ex +e™)+C
)2 2
f(0)=%(ex+e_x)=1 =>C=0
1
Fe) =5 (e +e7)

1

1
FO =30 =3

130. f""(x) = sinx + e2* 5

1

f’(x)=f(sinx+e2")dx=—cosx+5e2x+c
f'(0) = 1+1+C—1:>C—1

B 27772 -

1
f'(x)=—cosx+ze2x+1
1 _ 1/1

f(x)=f<—cosx+§e2x+1)dx=_smx+5<zezx>+x+c

1 1
fO)=0++0+C=7=C=0

1
f(x) = —sinx +Zezx +x

Exercise 3 (P340), find the indefinite integral.
x?—4
11. j dx
X
2

—j Hdx =%~ aimlal +
= | (x x) X = n|x| +c¢

X
12.f dx
V9 — x?

u=9—x?du=—-2dx

J‘ X p —1f —Zxd _1f1d
—dx = — | —dx = — | —du =
oo 2 Veme T T 2
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~1 1y 1
TJ-u‘l/Zdu = (T)(Z)u7+c =—Ju+c

x2+2x+3
13'fx3+3x2+9x X
u=x3+3x%+9x,du = (3x? + 6x + 9)dx
x*+2x+3 1 3x*+6x+9
f fx3+3x2+9x X

x3 4+ 3x2 4+ 9x x—3

1r1 1 1
= —f—du =—=In|u|l + ¢ = =In|x3 + 3x% + 9x| + ¢
3Ju 3 3

14f x(x+2) d
)it
u=x3+3x2—4,du = (3x% + 6x)dx
f x(x+2) p _j x2 + 2x p _1f 3x% + 6x 4
43247 " ) 3432 -4 T3) B34
—1f1d = Ll 4 ¢ = Sinjx® + 342 — 4] +
=3 | ;4 = gnlul+c =Zlnlx x c

x> —=3x+2
15.f—dx

x+1

u=x+lLx=u—-1,x2-3x+2=wW—-1?-3u—-1)+2
=u’-5u+6
x> —3x+2 u?—-5u+6 6
f—dx=J—du=J<u—5+—)du

x+1 u u
u? (x + 1)2
=7—5u+61n|u|+c=T—5(x+1)+6ln|x+1|+c=

2x%>+7x—3
16.J—dx

x—2

u=x—-2x=u+22x>+7x—-3=2u+2)?+7u+2)-3

=2u?+ 15u+ 19

2x% +7x—3 2u? + 15u + 19 19
J—dx=J du=J2udu+f15du+f7du

x—2 u

=2(1/2)u?+15u+19Inful +c = (x —2)2 + 15(x —2) + 191In|x — 2| + ¢

2
21.J(lnx) dx

X

(Inx)3
3

= f(lnx)zd(lnx) = +c

1
22. d
fxlnx3 x

_f 1 p _1f 1 dn )
~ ) x(3Inx) XT3 S

— lf(lnx)‘ld(lnx) = 1(lnlln x|)+c¢
=3 =3

1
23.f dx
x+1

u=x+1Lx=u-1

e e i
x= | —=du= | uzdu
x+1 Vu

ul/?
=m+c=2\/ﬂ+c=2\/x+1+c
24.f 5 —dx
x3(1 + x3)
1 1 -2
u=1+x3,du=§x3dx

=2

3%° 1
3[—1dx=3f—du=31n|u|+c=31n
(1+ x3) u

1
1+x3[+c¢

Exercise 4 (P340), find the indefinite integral.

31f t9d9
- | cotg

+c

—3f t9d9—31 o
= cO 3— 1’1511’13

3

32. f tan 560 d6

1 1 -1
= Ef tan560 d(560) = g(— In|cos50]) + ¢ = ?lnlcos 50| +c
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33.J-csc2xdx

1 1 -1
= EJ- csc2xd(2x) = E(_ In|csc2x + cot2x|) + ¢ = TInlcsc 2x + cot2x| + ¢
34 f Zd

. | secodx

X
|+c

=2 xdx 21 X t
= J-sec2 5= n|sec2+ an >

35.f(cos39—1)d9
1 1
=fcos39d9—fd9=§fcos39d(39)—9+c=§sin39—9+c
0
36.[(2—tan—)d9

6 6
—2fd9 ftan d@—ZfdG 4ftanZdZ

0 0
= 20—4<—ln COSZD+C= 20 +41n COSZ‘ +c

cost
[ 2
1+ sint

u=1+sint,du = cost

cost 1 )
f—,dt = j—du= In|u| + ¢ =In|1 + sint| + ¢
1+ sint u

csc?t
38.J dt
cott

1
= —f—d(cott) = —In|cott| + ¢
cott

secxtanx
39. | ————dx

secx —1
u=secx —1,du =secxtanx
J‘secxtanx

1
——dx = f—du =In|u|+c=Inlsecx —1| +¢
secx —1 u

40. f(sec 2x + tan 2x)dx

1 1
= Ef(sec 2x + tan 2x)d(2x) = E(lnlsec 2x + tan 2x| — In|cos 2x|) + ¢

Exercise 5 (P340), solve the differential equation so that your solution can pass
through the given point.

43dy_ 3 1,0
dx 2-—x' (1,0)
u=2-xdu=—dx

3 -1 1
y=f2_xdx=(—3)fz_xdx=(—3)fadu
= —3In|lul+c=-3In|2—x| +¢
0=-3In|2—1|4+c=>c=3In|1| =0
>y =-3In|2 —x|

44 = 2x 0,4
“dx  x2-9’ (04)

u=x%-9,du=2xdx
—f Zxd—fld—lu Inx? — 9|
y = Z-9 X = ” u = Inju| +c = In|x +c

=Inl9]+c=>c=4-1n9
y=In|x2—-9|+4—1In9

45 ds—t 20 0,2
i an26, (0,2)
1 1
ftan29d9— ftanZBd(ZB)———ln|c0529|+c

1 1
2= —§1n|c050|+c= —51n1+c=c

1
s = —Eln|c0526| +2

46dr_ sec?t A
‘dt  tant+1’ (7, 4)

u=tant+ 1,du = sec’t

sec?®t 1
r=f—dt=f—du=ln|u|+c=ln|tant+1|+c
tant + 1 u
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=Injtant+1|+c=Inl+c =2c=4 =4In(x—1)—x%2+7

r=infant s (AT, B COLRH - — 2R P, )
47.Determine the funciton fif f""(x) =—, f(D=1,f'(1)=1,x>0

f(x):deX=f2x 2dx-2—1+c_—+c

-2
f’(1)=1=T+C$C=1+2=3

i@ =—+3
-2
f(x)=f(7+3)dx=—21nx+3x+c (x>0)

f)=1=-2In1434+c=>c=1-3=-2
f(x)=—-2Inx+3x—2

(x—1)?

48. Determine the funciton f if f''(x) = -2,f2)=3,f'"2)=0x>1

u—x—ldu—dx

f(x)—f[( Z]dx—f[ du—f [—4(u™?) — 2]du

——4_—1—2u+c—a—2u+c—m—2(x—1)+c

4
f’(2)=0=m—2(2—1)+C:4—2+C =>c=-2

4
f’(x)=xT1—2(x—1)—2

f(x)=J[%—2(x—1)—2]dx
u=x—1,du=dx

f(x)=J[%—2(x—1)—2]dx=JE—Zu—Z]du

2
u
=4ln|u|—27—2u+c=41n(x—1)—(x—1)2—2(x—1)+c (x>1)

f2)=3=4In2-1)-2-1)?-2Q2-1)+c=-1-2+c>c=6
f)=4ln(x-1)-(x-1)2-2(x—-1)+6



